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Abstract. Under the presence of anisotropic sources in the inflationary era, the trispectrum
of the primordial curvature perturbation has a very specific angular dependence between
each wavevector that is distinguishable from the one encountered when only scalar fields are
present, characterized by an angular dependence described by Legendre polynomials. We
examine the imprints left by curvature trispectra on the TTµ bispectrum, generated by the
correlation between temperature anisotropies (T) and chemical potential spectral distortions
(µ) of the Cosmic Microwave Background (CMB). Due to the angular dependence of the pri-
mordial signal, the corresponding TTµ bispectrum strongly differs in shape from TTµ sourced
by the usual gNL or τNL local trispectra, enabling us to obtain an unbiased estimation. From
a Fisher matrix analysis, we find that, in a cosmic-variance-limited (CVL) survey of TTµ, a
minimum detectable value of the quadrupolar Legendre coefficient is d2 ∼ 0.01, which is 4
orders of magnitude better than the best value attainable from the TTTT CMB trispectrum.
In the case of an anisotropic inflationary model with a f(φ)F 2 interaction (coupling the in-
flaton field φ with a vector kinetic term F 2), the size of the curvature trispectrum is related
to that of quadrupolar power spectrum asymmetry, g∗. In this case, a CVL measurement of
TTµ makes it possible to measure g∗ down to 10−3.
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1 Introduction
Measurements of higher-order correlators of the primordial curvature fluctuation can play
a crucial role in understanding the initial conditions of our Universe. In the usual single-
field slow-roll inflationary scenario, the induced curvature perturbation is a nearly Gaussian
field, and all the statistical information is then confined to the 2-point correlator or the
power spectrum [1, 2]. In contrast, higher-order correlators, such as the bispectrum and the
trispectrum, are direct indicators for non-Gaussianity (NG), and their presence indicates the
evidence for, e.g., some other source fields or some nonlinear interactions. Detailed analyses
of their features, such as the shape and the scale dependence, or tests of the consistency
relations between n-point and (n− 1)-point correlators, thus provide essential information to
select observationally viable Early Universe models (see e.g., [3–7] and references therein for
review).
Primordial higher-order correlation functions have been deeply investigated using obser-
vational data of the Cosmic Microwave Background (CMB) anisotropies [8–10]. Recent analy-
ses using Planck data give constraints on primordial NGs with nearly cosmic-variance-limited
(CVL) level accuracy [6, 7, 11], as long as CMB temperature anisotropies are concerned.
Higher-order correlators related to Large Scale Structure (e.g., [12–15]) or 21-cm fluctuations
(e.g., [16–21]) are expected as future NG observables.
This paper focuses on another observable that has been shown to be particularly promis-
ing to constrain primordial NG, namely the correlation between CMB temperature (T) fluc-
tuations and CMB µ-type chemical potential spectral distortions, induced by heat release
due to diffusion of acoustic waves, at redshifts from 2 × 106 to 5 × 104. µ-distortions dis-
play a quadratic dependence on the primordial curvature perturbation, while the temperature
depends linearly on it. The curvature bispectrum and trispectrum can therefore source Tµ
and µµ correlations, respectively [22]. Detectability analyses, based on futuristic µ-distortion
anisotropy surveys, have been carried on for several theoretically-motivated NG templates
[22–32]. Observational constraints on the usual local NG parameters, fNL and τNL, based
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on Planck estimates of Tµ and µµ, are already available [33]. In [34], we recently analyzed
TTµ as an observable which depends on the curvature trispectrum. Our main finding was
that, contrary to µµ, TTµ is sensitive not only to τNL but also to the other local trispectrum
parameter, gNL, potentially improving with respect to the constraints that can be obtained
with the trispectrum of CMB anisotropies.
An important difference between µµ and TTµ lies in the number of degrees of freedom:
the angular power spectrum of µµ depends on only one ` mode, while TTµ varies in 3D
harmonic space (`1, `2, `3). It is therefore expected that TTµ is more sensitive to some
details of the NG shapes and has an advantage in discriminating between different primordial
trispectrum shapes. In this paper, we examine TTµ generated from curvature trispectra with
angular dependence [35], characterized by〈
4∏
n=1
ζkn
〉
= (2pi)3δ(3)
(
4∑
n=1
kn
)∑
L
dL
[
PL(kˆ1 · kˆ3) + PL(kˆ1 · kˆ12) + PL(kˆ3 · kˆ12)
]
×P (k1)P (k3)P (k12) + (23 perm) , (1.1)
where k12 ≡ k1 + k2, P (k) denotes the power spectrum of the curvature perturbation, and
PL(x) are the Legendre polynomials. This exactly expresses the angular dependence arising
from the presence of anisotropic sources,1 such as primordial vector fields present during
inflation (see e.g. [36–42]). In addition to d0, a nonzero d2 appears in inflationary models
where the inflaton field couples to a vector field via a f(φ)F 2 interaction [35, 43–45] (note
that, for the L = 0 case, Eq. (1.1) is independent of any angle and hence equivalent to a τNL-
type trispectrum, with the replacement d0 = τNL/6). The same model also predicts nonzero
c0 and c2 in the curvature bispectrum template [43]:〈
3∏
n=1
ζkn
〉
= (2pi)3δ(3)
(
3∑
n=1
kn
)∑
L
cLPL(kˆ1 · kˆ2)P (k1)P (k2) + (2 perm) , (1.2)
where the L = 0 case is equivalent to the usual local NG template and hence c0 = (6/5)fNL.2
Later we show that Tµ due to cL and µµ due to dL vanish except for L = 0, while TTµ due
to dL becomes nonzero for any even L. This is due to the difference of number of degrees of
freedom mentioned above.
The structure of this paper follows that of previous papers about TTT from cL [43] and
TTTT from dL [35]. We start by computing TTµ using the flat-sky approximation, and see
how the 3D k-space angular dependence in Eq. (1.1) is projected to the 2D ` space. After
that, we recompute TTµ in full-sky and show, both via visual inspection and by actually
computing correlation coefficients, that TTµ from d2 has a very different shape compared to
those induced by d0 (or equivalently τNL) and gNL. We then forecast error bars with a Fisher
matrix analyses, showing that d2 ∼ 0.01, which is 4 orders of magnitude below the smallest
detectable value from TTTT , is accessible by a CVL measurement of TTµ. Finally, we focus
1In this paper, “anisotropic sources” mean objects sourcing a nontrivial angle dependence between each
wavevector in the angle-averaged observables or the isotropized curvature correlators like Eqs. (1.1) and (1.2).
2 Other examples that give rise to bispectra and trispectra shapes of the type described in Eqs. (1.1)
and (1.2) are the so-called solid inflation models [46–49], which are based on a specific internal symmetry
obeyed by the inflaton fields, and which, e.g., produce in the bispectrum c2  c0. Recently a model with
a f(φ)(F 2 + FF˜ ) coupling has been proposed as the first example of an inflationary model where c1 is
generated [42]. Large-scale non-helical and helical magnetic fields in the radiation-dominated era do also
generate c0, c2 and c1 [43, 50, 51]. See [52] for other possibilities of generating anisotropic NGs.
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on the f(φ)F 2 model. In this case, due to the model-dependent consistency relations, c0,2 and
d0,2 are expressed in terms of the parameter of the quadrupolar power spectrum asymmetry,
g∗ [35, 39, 43]. The sensitivities to d0,2 tell that g∗ ∼ 10−3 is, in principle, accessible by TTµ,
and the 1D correlators Tµ and µµ, could further improve the sensitivity to g∗.
This paper is organized as follows. In the next section we compute TTµ from dL on the
flat-sky and full-sky basis, and discuss residual angular dependence projected on `–space. In
Sec. 3 we analyze the sensitivity to dL and some related parameters, and estimate the cor-
relation coefficients between each shape, by employing the Fisher matrix. Section 4 contains
our conclusions.
2 Angular dependence in the TTµ bispectrum
In this section, we analyze signatures of the angle-dependent curvature trispectrum (1.1) in
the TTµ bispectrum. Before employing the exact full-sky expression, we start to see how the
angular dependence in k space is projected to ` space, by employing the flat-sky formalism.
We consider effects of µ-type spectral distortions induced by heating due to damping of
acoustic waves, at redshifts varying from zi ∼ 2 × 106 to zf ∼ 5 × 104. The injected heat
depends on the photon energy density, therefore induced µ-distortion anisotropies depend
quadratically on the primordial curvature perturbations. This is summarized in the following
formula, obtained via line-of-sight integration [22, 23, 33, 53–66]:
µ(nˆ) '
[
2∏
n=1
∫
d3kn
(2pi)3
ζkn
]∫
d3k3δ
(3)
(
3∑
n=1
kn
)
f(k1, k2, k3)e
−ik3·nˆxls , (2.1)
where nˆ = (sin θ cosφ, sin θ sinφ, cos θ) is the line-of-sight direction and xls is the conformal
distance to the last scattering surface. The transfer function from ζ to µ is determined by the
diffusion scales kD(z) at three specific redshifts, ki ≡ kD(zi) ∼ 12000 Mpc−1, kf ≡ kD(zf ) ∼
46 Mpc−1 and krec ≡ kD(z ∼ 1100) ∼ 0.15 Mpc−1, reading [33]
f(k1, k2, k3) ' 9
4
[
e−(k
2
1+k
2
2)/k
2
i − e−(k21+k22)/k2f
]
e−k
2
3/k
2
rec . (2.2)
The harmonic expansion, aµ`m =
∫
d2nˆY ∗`m(nˆ)µ(nˆ), results in the full-sky expression:
aµ`m = 4pi(−i)`
[
2∏
n=1
∫
d3kn
(2pi)3
ζkn
]∫
d3k3δ
(3)
(
3∑
n=1
kn
)
Y ∗`m(kˆ3)j`(k3xls)f(k1, k2, k3). (2.3)
On the other hand, in the small θ (or equivalently large `) limit, the line-of-sight vector can
be approximately projected on a flat space as nˆ ' (θ cosφ, θ sinφ, 1) ≡ (Θx,Θy, 1), and the
flat-sky expansion aµ` =
∫
d2Θe−i`·Θµ(Θx,Θy, 1), then becomes reasonable [67]. Substituting
Eq. (2.1) into this yields
aµ` =
[
2∏
n=1
∫
d3kn
(2pi)3
ζkn
]∫
d3k3δ
(3)
(
3∑
n=1
kn
)
(2pi)2δ(2)(k
‖
3xls+`)e
−ik3zxlsf(k1, k2, k3) , (2.4)
where k ≡ (k‖, kz) (respectively the wave-vector components parallel and perpendicular to
the plane orthogonal to the line-of-sight).
– 3 –
In the same way, we can derive the full-sky and flat-sky expression of CMB temperature
anisotropies [67–69], reading
aT`m = 4pii
`
∫
d3k
(2pi)3
ζkT`(k)Y ∗`m(kˆ) , (2.5)
aT` =
∫
d3k
(2pi)3
ζk
∫ τ0
0
dτST (k, τ)(2pi)
2δ(2)(k‖D − `)eikzD , (2.6)
where τ0 is the present conformal time, ST (k, τ) is the scalar-mode source function for tem-
perature fluctuations, D ≡ τ0 − τ and T`(k) ≡
∫ τ0
0 dτST (k, τ)j`(kD).
2.1 Flat-sky expression
Using the flat-sky expressions (2.4) and (2.6), TTµ generated from the curvature trispectrum
can be written as
〈
aT`1a
T
`2a
µ
`3
〉
=
[
2∏
n=1
∫
d3kn
(2pi)3
∫ τ0
0
dτnST (kn, τn)(2pi)
2δ(2)(k‖nDn − `n)eiknzDn
∫
d3Kn
(2pi)3
]
×
∫
d3K3δ
(3)
(
3∑
n=1
Kn
)
(2pi)2δ(2)(K
‖
3xls + `3)e
−iK3zxls
×f(K1,K2,K3) 〈ζk1ζk2ζK1ζK2〉 . (2.7)
Due to the filtering by f(K1,K2,K3), all configurations except squeezed ones, (K1 ' K2 
K3), are suppressed in the integrals above, enabling to approximate δ(3) (K1 + K2 + K3) '
δ(3) (K1 + K2). For L = even, the squeezed-limit (K1 ' K2  K12) expression of Eq. (1.1)
becomes
〈ζk1ζk2ζK1ζK2〉L=even ' (2pi)3δ(3) (k1 + k2 + K1 + K2)
×
∑
L=even
4dL
[
PL(kˆ1 · Kˆ1) + PL(kˆ1 · Kˆ12) + PL(Kˆ1 · Kˆ12)
]
×P (k1)P (K1)P (K12) + (k1 ↔ k2) ; (2.8)
thus, we can write TTµ from dL as
〈
aT`1a
T
`2a
µ
`3
〉
L=even
'
[
2∏
n=1
∫
d3kn
(2pi)3
∫ τ0
0
dτnST (kn, τn)(2pi)
2δ(2)(k‖nDn − `n)eiknzDn
]
×
∫
d3K1
(2pi)3
∫
d3K3(2pi)
2δ(2)(K
‖
3xls + `3)e
−iK3zxls
×f(K1,K1,K3)δ(3) (k1 + k2 −K3)
×
∑
L=even
4dL
[(
PL(kˆ1 · Kˆ1) + PL(kˆ1 · Kˆ3) + PL(Kˆ1 · Kˆ3)
)
×P (k1)P (K1)P (K3) + (k1 ↔ k2)] . (2.9)
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On the other hand, for L = odd, 〈ζk1ζk2ζK1ζK2〉 vanishes in the squeezed limit and hence〈
aT`1a
T
`2
aµ`3
〉
L=odd
also vanishes. Cleaning up the wavevector integrals in Eq. (2.9) leads to
〈
aT`1a
T
`2a
µ
`3
〉
L=even
'
[
2∏
n=1
∫ ∞
−∞
dknz
2pi
∫ τ0
0
dτnST (kn, τn)D
−2
n e
iknzDn
]∫ ∞
0
K21dK1
2pi2
×
∫ ∞
−∞
dK3zx
−2
ls e
−iK3zxlsf(K1,K1,K3)
×(2pi)2δ(2)
(
`1
D1
+
`2
D2
+
`3
xls
)
δ (k1z + k2z −K3z)
×
∑
L=even
4dL
[
PL(kˆ1 · Kˆ3)P (k1) + (k1 ↔ k2)
]
P (K1)P (K3)
×
{
3 : L = 0
1 : L ≥ 2 , (2.10)
where k1 = ( `1D1 , k1z), k2 = (
`2
D2
, k2z) and K3 = (− `3xls ,K3z). Note that the difference of the
factors for L = 0 and L ≥ 2 is due to the fact that ∫ d2Kˆ1PL(kˆ1 · Kˆ1), ∫ d2Kˆ1PL(kˆ2 · Kˆ1)
and
∫
d2Kˆ1PL(Kˆ1 · Kˆ3) in Eq. (2.9) vanish except for L = 0.
We are now interested in the very high-` behavior. The modes with k1D1 ' `1, k2D2 ' `2
and K3xls ' `3 then contribute dominantly to the wavenumber integrals; thus, we may drop
very small terms, such as k1zD1`1 ,
k2zD2
`2
and K3zxls`3 in kˆ1 · Kˆ3 and kˆ2 · Kˆ3, resulting in
kˆ1 · Kˆ3 =
−ˆ`1 · ˆ`3 + k1zD1`1
K3zxls
`3√
1 + (k1zD1`1 )
2
√
1 + (K3zxls`3 )
2
' −ˆ`1 · ˆ`3 , (2.11)
kˆ2 · Kˆ3 =
−ˆ`2 · ˆ`3 + k2zD2`2
K3zxls
`3√
1 + (k2zD2`2 )
2
√
1 + (K3zxls`3 )
2
' −ˆ`2 · ˆ`3 . (2.12)
With these and a further large-` approximation on the delta functions:
δ(2)
(
`1
D1
+
`2
D2
+
`3
xls
)
δ(k1z + k2z −K3z) '
∫ ∞
−∞
dr
2pi
ei(k1z+k2z−K3z)rr2δ(2) (`1 + `2 + `3) ,
(2.13)
we finally arrive at
〈
aT`1a
T
`2
aµ`3
〉
L=even
= (2pi)2δ(2) (`1 + `2 + `3)
∑
L=even b
TTµ,L=even
`1`2`3
where
bTTµ,L=even`1`2`3 ' 9dLAS ln
(
ki
kf
)∫ ∞
−∞
r2dr
[
PL(ˆ`1 · ˆ`3)BT`1(r)AT`2(r) + (`1 ↔ `2)
]
W`3(r)
×
{
3 : L = 0
1 : L ≥ 2 , (2.14)
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with
AT` (r) ≡
∫ τ0
0
dτ
∫ ∞
`/D
dk
2pi
1√
1− ( `kD)2ST (k, τ)
2
D2
cos
k(r +D)
√
1−
(
`
kD
)2 ,(2.15)
BT` (r) ≡
∫ τ0
0
dτ
∫ ∞
`/D
dk
2pi
P (k)√
1− ( `kD)2ST (k, τ)
2
D2
cos
k(r +D)
√
1−
(
`
kD
)2 ,(2.16)
W`(r) ≡
∫ ∞
`/xls
dk
2pi
P (k)√
1− ( `kxls )2
2
x2ls
cos
k(r + xls)
√
1−
(
`
kxls
)2 e−k2/k2rec . (2.17)
For this derivation, we have parametrized the curvature power spectrum as P (k) = 2pi2ASk−3
and dealt with theK1 integral as
∫∞
0 K
2
1dK1P (K1)
[
e−2K21/k2i − e−2K21/k2f
]
' 2pi2AS ln(ki/kf ).
It is obvious from the flat-sky expression (2.14) that the peculiar angular dependence of
the curvature trispectrum (1.1) in k space is directly reflected on `–space by the correspon-
dence relations (2.11) and (2.12). This results in a shape difference between TTµ bispectra
for different L-modes. Equation (2.14) allows us to derive the ratios of the L = 2 bispectrum
to the L = 0 one for the squeezed-isosceles, flattened and equilateral triangles as
bTTµ,L=2`1`2`3
bTTµ,L=0`1`2`3
=
d2
3d0
×

−12 : ˆ`1 · ˆ`3 = ˆ`2 · ˆ`3 = 0 (squeezed-isosceles)
1 : |ˆ`1 · ˆ`3| = |ˆ`2 · ˆ`3| = 1 (flattened)
−18 : ˆ`1 · ˆ`3 = ˆ`2 · ˆ`3 = −12 (equilateral)
, (2.18)
showing an example of size and sign changes of TTµ due to the L-mode difference. The
overall shape of bTTµ,L=2`1`2`3 is displayed in the right top panel of Fig. 1. The similarity of color
pattern with the full-sky shape (left top panel of Fig. 1) confirms the accuracy of our flat-sky
formula (2.14) for large `.
2.2 Full-sky expression
With Eqs. (2.3) and (2.5), the full-sky TTµ is formulated as
〈
aT`1m1a
T
`2m2a
µ
`3m3
〉
=
[
2∏
n=1
4pii`n
∫
d3kn
(2pi)3
T`n(kn)Y ∗`nmn(kˆn)
∫
d3Kn
(2pi)3
]
×4pi(−i)`3
∫
d3K3δ
(3)
(
3∑
n=1
Kn
)
Y ∗`3m3(Kˆ3)j`3(K3xls)
×f(K1,K2,K3) 〈ζk1ζk2ζK1ζK2〉 . (2.19)
Also in this equation, the wavevector integrals are determined by the squeezed-limit signal
(K1 ' K2  K12) of 〈ζk1ζk2ζK1ζK2〉. In the angle-dependent trispectrum case, such signal
is highly suppressed for L = odd, so a nonvanishing TTµ is realized only for L = even.
Plugging Eq. (2.8) into the above equation and evaluating the Kˆ1 and K2 integral with the
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bTTµ,d2`1`2`3 (full-sky) b
TTµ,d2
`1`2`3
(flat-sky)
bTTµ,d0`1`2`3 or b
TTµ,τNL
`1`2`3
bTTµ,gNL`1`2`3
Figure 1. 3D representation of the TTµ bispectrum, bTTµ`1`2`3 , normalized by the constant model tem-
plate, bTTµ,const`1`2`3 ∝ `
−5/4
1 `
−5/4
2 , derived in Appendix B. The vertical axis corresponds to `3, associated
with µ, while the two bottom axes for T correspond to `1 and `2. The left (right) top panel plots
the full-sky (flat-sky) bTTµ,d2`1`2`3 , showing the strong resemblance between the full-sky and flat-sky ex-
pressions for `1, `2, `3 & 100. In the left (right) bottom panel we also describe the full-sky bTTµ,d0`1`2`3 or
equivalently bTTµ,τNL`1`2`3 (b
TTµ,gNL
`1`2`3
). It is found from the left two panels that both bTTµ,d0`1`2`3 and b
TTµ,d2
`1`2`3
are mostly enhanced at `1 ∼ `2  `3, however their color patterns differ from each other. The right
bottom panel shows that bTTµ,gNL`1`2`3 is boosted at `1 ∼ `3  `2 and `2 ∼ `3  `1 and has quite different
color distributions from bTTµ,d0`1`2`3 or b
TTµ,d2
`1`2`3
.
squeezed-limit approximation: δ(3) (K1 + K2 + K3) ' δ(3) (K1 + K2), yields〈
aT`1m1a
T
`2m2a
µ
`3m3
〉
L=even
'
[
2∏
n=1
4pii`n
∫
d3kn
(2pi)3
T`n(kn)Y ∗`nmn(kˆn)
]∫ ∞
0
K21dK1
2pi2
×4pi(−i)`3
∫
d3K3Y
∗
`3m3(Kˆ3)j`3(K3xls)
×f(K1,K1,K3)δ(3) (k1 + k2 −K3)
×
∑
L=even
4dL
[
PL(kˆ1 · Kˆ3)P (k1) + (k1 ↔ k2)
]
P (K1)P (K3)
×
{
3 : L = 0
1 : L ≥ 2 . (2.20)
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The angle dependence of the wavevectors in this equation can be decomposed using spherical
harmonics, together with the identities:
PL(kˆ1 · kˆ2) = 4pi
2L+ 1
∑
M
Y ∗LM (kˆ1)YLM (kˆ2) , (2.21)
δ(3)
(
3∑
n=1
kn
)
= 8
∫ ∞
0
r2dr
[
3∏
n=1
∑
LnMn
jLn(knr)Y
∗
LnMn(kˆn)
]
×(−1)L1+L2+L32 hL1L2L3
(
L1 L2 L3
M1 M2 M3
)
, (2.22)
with hl1l2l3 ≡
√
(2l1+1)(2l2+1)(2l3+1)
4pi
(
l1 l2 l3
0 0 0
)
. After expressing the angular integrals over
products of spherical harmonics in terms of Wigner symbols, summing over angular momenta
similarly as done in [34, 43, 69], and dealing with the K1 integral in the same manner as for
the previous flat-sky computation, we finally get the angle-averaged form〈
aT`1m1a
T
`2m2a
µ
`3m3
〉
L=even
= h`1`2`3
(
`1 `2 `3
m1 m2 m3
) ∑
L=even
bTTµ,L=even`1`2`3 (2.23)
with
bTTµ,L=even`1`2`3 ' 9dLAS ln
(
ki
kf
)
4pi
2L+ 1
∑
L1L3
(−1)L1+L3+`1+`32 hL1`2L3
h`1`2`3
h`1L1Lh`3L3L
{
`1 `2 `3
L3 L L1
}
×
∫ ∞
0
r2drβT`1L1(r)α
T
`2(r)ω`3L3(r)×
{
3 : L = 0
1 : L ≥ 2 + (`1 ↔ `2) , (2.24)
and
αT` (r) ≡
2
pi
∫ ∞
0
k2dkT`(k)j`(kr) , (2.25)
βT`L(r) ≡
2
pi
∫ ∞
0
k2dkP (k)T`(k)jL(kr) , (2.26)
ω`L(r) ≡ 2
pi
∫ ∞
0
k2dkP (k)j`(kxls)jL(kr)e
−k2/k2rec . (2.27)
In the small-` limit, the Sachs-Wolfe (SW) approximation: T`(k) ≈ −15j`(kxls), is reasonable
and hence
αT` (r) ≈ −
δ(r − xls)
5x2ls
, (2.28)
βT`L(xls) ≈ −
pi2
10
AS
Γ( `+L2 )
Γ( `−L+32 )Γ(
L−`+3
2 )Γ(
`+L+4
2 )
≡ βT,SW`L . (2.29)
Substituting these and a further small-` approximation: ω`L(xls) ≈ −5βT,SW`L , into Eq. (2.24),
we obtain the SW-limit formula:
bTTµ,L=even`1`2`3,SW = 9dLAS ln
(
ki
kf
)
4pi
2L+ 1
∑
L1L3
(−1)L1+L3+`1+`32 hL1`2L3
h`1`2`3
h`1L1Lh`3L3L
{
`1 `2 `3
L3 L L1
}
×βT,SW`1L1 β
T,SW
`3L3
×
{
3 : L = 0
1 : L ≥ 2 + (`1 ↔ `2) . (2.30)
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Figure 2. Correlation coefficients between bTTµ,d2`1`2`3 , b
TTµ,d0
`1`2`3
and bTTµ,gNL`1`2`3 for (d0, Nµ) = (0, 0) (solid
lines), (100, 0) (dashed lines) and (100, 10−24) (dotted lines) with `µ = 1000 as a function of `max.
The results for (d0, Nµ) = (0, 10−24) (undescribed here) overlap substantially with the solid lines.
Higher values tend to be induced by nonzero Cµµ,d0` .
Figure 1 shows the shape difference between bTTµ,d2`1`2`3 , b
TTµ,d0
`1`2`3
(or equivalently TTµ from
the τNL-type trispectrum, b
TTµ,τNL
`1`2`3
[34]), and TTµ from the gNL-type trispectrum, b
TTµ,gNL
`1`2`3
[34]. We can see from the left panels that both bTTµ,d0`1`2`3 and b
TTµ,d2
`1`2`3
are both mostly enhanced
at `1 ∼ `2  `3. However their color patterns are not the same, due to the different angle
dependence, as we have seen in Eq. (2.18). These color distributions are also quite different
from that of bTTµ,gNL`1`2`3 . This visual inspection prompts the expectation that the TTµ bispectra
generated by the different types of trispectra we are considering will display a very low level
of correlation, as indeed confirmed in Fig. 2, where correlation coefficients are explicitly
computed. These shapes can thus be clearly distinguished using TTµ.
Both the exact (2.24) and the SW-limit (2.30) results will be employed in the Fisher
matrix computations, discussed in the next section.
3 Forecasts
In this section we discuss the detectability of the angle-dependent curvature trispectrum (1.1)
in future surveys. We focus especially on d2, since it is the lowest order mode (physically
motivated) characterizing a non-trivial angular dependence and producing distinctive features
in TTµ. In fact a non-zero value of d2 is predicted in concrete inflationary models such as
the vector field model, along with d0(= τNL/6) [35, 43–45].
Let us consider the Fisher matrix:
Fij =
`max∑
`1,`2,`3=2
h2`1`2`3
bˆTTµ,i`1`2`3 bˆ
TTµ,j
`1`2`3
2CTT`1 C
TT
`2
Cµµ`3
, (3.1)
– 9 –
∆
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Figure 3. Expected 1σ errors on d2 in a noiseless CVL-level measurement of TTµ with Nµ = 0, for
several nonzero d0. Solid and dashed lines are obtained using the full-sky TTµ expression (2.24) and
the SW approximation (2.30), respectively. The black line describes ∆d2 from the CMB temperature
trispectrum (TTTT ), computed in [35].
where bˆTTµ`1`2`3 is the TTµ bispectrum normalized to the parameter under examination (i.e.
either bTTµ,dL=1`1`2`3 or b
TTµ,gNL=1
`1`2`3
). This expression for the Fisher matrix is valid under assump-
tions that off-diagonal components, all NG contributions and the Tµ correlation are negligible
in the covariance matrix; the latter condition can be expressed as (CTµ` )
2  CTT` Cµµ` . The
observed µµ power spectrum is given by the sum of the signal from the Gaussian part of cur-
vature perturbations, the isotropic NG part from d0, and the instrumental noise spectrum,
reading Cµµ` = C
µµ,G
` +C
µµ,d0
` +Nµe
`2/`2µ , with Cµµ,G` ∼ 10−30 and Cµµ,d0` ' 3.3×10−22d0`−2
(Eq. (A.4) or [22, 34]). Note that the signal from dL≥1 and gNL are not included in the
above Cµµ` because they are subdominant (see Appendix A and [34]). Uncertainties due to
instrumental noise may be ignored in CTT` , since CMB temperature fluctuations have already
been measured with close to CVL-level accuracy, for the `-range under exam.
It has been visually confirmed from Fig. 1 that the shapes of bTTµ,d0`1`2`3 , b
TTµ,d2
`1`2`3
and bTTµ,gNL`1`2`3
look very different. This can be expressed in a more quantitative way by computing the
correlation coefficients: rij ≡ Fij/
√
FiiFjj . Numerical results for several d0 and Nµ with
`µ = 1000, summarized in Fig. 2, lead us to conclude that |rd2,d0 | . 0.1, |rd2,gNL | . 0.01
and |rd0,gNL | . 0.2 at `max = 1000. The parameter d0, d2 and gNL, estimated via TTµ, are
thus close to be uncorrelated. The expected 1σ error ∆i, on the i-th parameter can therefore
be computed directly from the corresponding diagonal elements of the Fisher matrix, as
∆i = 1/
√
Fii.
3.1 Detectability of d2
Figure 3 describes 1σ errors on d2 (∆d2) estimated from the Fisher matrix for TTµ (3.1) in a
CVL measurement with Nµ = 0. Since b
TTµ,d2
`1`2`3
is enhanced in the squeezed limit: `1 ∼ `2 
– 10 –
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Figure 4. Expected 1σ errors on d2 obtained from TTµ measurements with `max = 1000, as a
function of Nµ with `µ = 1000. For comparison, we also plot ∆d2 from TTTT with `max = 2000 [35].
`3, like b
TTµ,d0
`1`2`3
or bTTµ,τNL`1`2`3 (see Fig. 1), ∆d2 scales in the same way as ∆τNL, as `
−1
max [34].
In contrast, as described in Fig. 3, ∆d2 estimated from the CMB temperature trispectrum
(TTTT ) scales more rapidly, like `−2max [35]. Despite this disadvantage, interestingly, TTµ can
outperform TTTT for `max < 1000 even if d0 increases up to ∼ 100. For a perfectly ideal
scenario, with d0 = 0 and Nµ = 0, the smallest detectable value of d2 is d2 ∼ 0.01.
On the other hand, in realistic experiments such as Planck [70], PIXIE [71] and CMBpol
[72], nonzero instrumental noise and finite angular resolution will worsen sensitivities. Includ-
ing the following specifications: (Nµ, `µ) = (10−15, 861) (Planck), (10−17, 84) (PIXIE) and
(2 × 10−18, 1000) (CMBpol) [23, 27], into the Fisher matrix (3.1), we obtain ∆dTTµ2 |d0=0 =
2.7× 105 (Planck), 2.7× 104 (PIXIE) and 1.2× 104 (CMBpol) at `max = 1000.
In Fig. 4, with more futuristic TTµ measurements in mind, we extend Nµ from 10−18
to 10−30. One can see that the expected d2-sensitivity plateaus when Nµ becomes very
small and cosmic variance (Cµµ,G` + C
µµ,d0
` ) dominates over C
µµ
` . Therefore, when d0 & 10,
∆dTTµ2 becomes flat so quickly (due to the large value of C
µµ,d0
` ) that TTµ cannot outperform
TTTT , even for very small µ noise levels, Nµ. In order to get ∆d
TTµ
2 < ∆d
TTTT
2 , d0 . 1 and
Nµ . 10−22 are required. The ratio of ∆dTTµ2 to ∆d
TTµ
0 is nearly constant with d0 or Nµ.
Our result, ∆dTTµ2 /∆d
TTµ
0 ' 11, is larger than ∆dTTTT2 /∆dTTTT0 ' 4 [35].
3.2 Detectability of g∗ in the f(φ)F 2 model
In the above analysis, we treat d0 and d2 as independent parameters. However, upon speci-
fying the inflationary model, these can be related to each other.
For a practical example, here, let us consider an inflationary model where the inflaton
field couples to a U(1) gauge field with a non-vanishing vacuum expectation value via a f(φ)F 2
interaction. The directional dependence of the gauge field Aˆ is now directly imprinted on the
– 11 –
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Figure 5. Expected errors on g∗ in the f(φ)F 2 model with f(φ) ∝ a−4 and N = 60, translated from
∆dTTµ0,2 , ∆d
TTTT
0,2 , ∆cTTT0,2 , ∆d
µµ
0 and ∆c
Tµ
0 , and ∆g∗ obtained from TT . The results from TTµ, µµ
and Tµ are computed in terms of g∗ = 10−2 and 10−3 and 10−30 ≤ Nµ ≤ 10−18, with `µ = 1000. The
solid (dashed) lines in the top panel correspond to ∆g∗ translated from ∆c0 or ∆d0 (∆c2 or ∆d2).
correlators of curvature perturbations via such interaction. The time dependence of f(φ)
controls the scale dependence of the correlation functions, and a nearly scale-invariant shape
can be realized by choosing f(φ) ∝ a−4, with a(τ) denoting the scale factor. Since effects of
the gauge field on the curvature perturbation, via f(φ)F 2, are always quadratic, a quadrupolar
modulation, g∗(kˆ · Aˆ)2, is generated in the power spectrum [37, 40, 73]. Moreover, nonzero
– 12 –
c2 and d2 components arise in the bispectrum [39, 43] and the trispectrum [35, 43–45], in
addition to c0 and d0. These parameters are then related to each other and we can express
cL and dL by means of a single parameter g∗ as [35, 43]
c0 = 2c2 ≈ 3.2 |g∗|
0.01
N
60
, c1 = c3 = c4 = · · · = 0 , (3.2)
d0 =
d2
2
≈ 2.6× 102 |g∗|
0.01
(
N
60
)2
, d1 = d3 = d4 = · · · = 0 , (3.3)
where N is the number of e-folds, before the end of inflation, at which the observed modes
leave the horizon. Note that the approximations in these equations are reasonable, especially
for large-field inflation models [40]. These relations lead to (CTµ` )
2  CTT` Cµµ` , allowing us
to use the Fisher matrix forms (3.1), (A.5) and (A.6) in our forecasts (See Appendix A for
details).
In Fig. 5, we plot 1σ errors on g∗ (∆g∗), translated via a Fisher matrix analysis from
∆dTTµ0,2 , ∆d
TTTT
0,2 , ∆cTTT0,2 , ∆d
µµ
0 and ∆c
Tµ
0 , via Eqs. (3.2) and (3.3), and ∆g∗ from TT . Note
that, as µµ and Tµ vanish, except for L = 0 (see Appendix A for details), we plot neither ∆g∗
from ∆dµµ2 nor that from ∆c
Tµ
2 . For TTµ, µµ and Tµ, we examine the cases with g∗ = 10
−2
and 10−3 (since, e.g, it also enters into Cµµ` in Eq. (3.1)) and vary Nµ from 10
−30 to 10−18
with `µ = 1000 in the same manner as Fig. 4. The similar Nµ dependence as ∆d
TTµ
2 ; namely,
∆g∗ ∝
√
Nµ for large Nµ and ∆g∗ = const. for small Nµ, is confirmed from the TTµ lines
in the top panel, as expected. Moreover, we notice that ∆g∗ from TTµ is boosted by the
increase of g∗. This leads to the result that, in d2 measurements based on TTµ, g∗ = 10−3
is, in principle, undetectable (i.e., ∆g∗ > g∗ with any small Nµ). However, g∗ = 10−2,
comparable to the latest upper bound from TT [74–76] and to the smallest detectable value
from TTT [35, 43], is measurable if Nµ . 10−24. If we consider the d0 component, TTµ
achieves better sensitivity and g∗ = 10−3, comparable to the smallest detectable value from
TTTT [35], is observable if we reduce Nµ below ∼ 10−22. On the other hand, we realize from
the bottom panel in Fig. 5 that the best limits on ∆g∗ can be obtained from µµ and Tµ. In
this sense, TTµ will be useful to cross-check a possible nonzero g∗ signal observed in µµ and
Tµ.
4 Conclusions
If some anisotropic source is present in the very Early Universe, the primordial trispectra of
curvature perturbations can display a characteristic, non-trivial angular dependence between
different wavenumbers k, which can be expressed in terms of Legendre polynomials. This
paper discussed the possibility to observe such angular dependence using a new type of ob-
servable, recently found in [34], namely the TTµ correlation function generated from CMB
temperature and µ-distortion anisotropies. For the sake of intuitive understanding, we started
our calculation of angular-dependent TTµ by employing the flat-sky approximation (in anal-
ogy with the previous CMB temperature trispectrum analysis done in [35]), and verified that
the specific angular dependence in k–space gets directly projected to `-space. Therefore, TTµ
changes its amplitude and sign, depending on the angle between each `.
After this preliminary calculation, we performed a more accurate full sky quantitative
analysis. Using a Fisher matrix approach, we found that TTµ from the L = 2 mode in
the Legendre-type template (1.1) is nearly orthogonal to TTµ from the L = 0 mode (or
equivalently the τNL-type trispectrum) and TTµ from the gNL-type trispectrum. This is an
– 13 –
important feature when it comes to discriminating between shapes. Our parameter forecasts
showed that, in the absence of the L = 0 mode (i.e., d0 = 0), a CVL-level measurement of µ-
distortion fluctuations enables us to detect the L = 2 mode with d2 ∼ 0.01 sensitivity, which
is 4 orders of magnitude smaller than the value accessible by the temperature trispectrum
(TTTT ). Even in more realistic cases, TTµ could outperform TTTT , although instrumental
uncertainties and additional cosmic variance, generated by nonzero d0, reduce the sensitivity
to d2. Once fixing the inflationary model, the parameters of the power spectrum, bispectrum
and trispectrum are related to each other. Considering the f(φ)F 2 model, and employing
the consistency relation (3.3), we reach the conclusion that a quadrupolar power asymmetry
with g∗ ∼ 10−3 could, in principle, be detected from TTµ.
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A The Tµ and µµ power spectrum
We here examine the angular power spectra of Tµ from the angle-dependent bispectrum (1.2)
and µµ from the angle-dependent trispectrum (1.1). These are used to compute the error bar
∆g∗ within the f(φ)F 2 model of Sec. 3.
With Eqs. (2.3) and (2.5), the Tµ correlation is formulated as
〈
aT`1m1a
µ
`2m2
〉
= 4pii`1
∫
d3k1
(2pi)3
T`1(k1)Y ∗`1m1(kˆ1)4pi(−i)`2
[
2∏
n=1
∫
d3Kn
(2pi)3
]∫
d3K3
×δ(3)
(
3∑
n=1
Kn
)
Y ∗`2m2(Kˆ3)j`2(K3xls)f(K1,K2,K3) 〈ζk1ζK1ζK2〉 .(A.1)
Plugging Eq. (1.2) into this and evaluating with the squeezed-limit filtering by f(K1,K2,K3)
yield〈
aT`1m1a
µ
`2m2
〉
' i`1−`2
∫
d3k1
2pi2
T`1(k1)Y ∗`1m1(kˆ1)Y ∗`2m2(kˆ1)j`2(k1xls)
∫ ∞
0
K21dK1
2pi2
f(K1,K1, k1)
×
∫
d2Kˆ1
∑
L
cL
[
1 + (−1)L]PL(kˆ1 · Kˆ1)P (k1)P (K1) . (A.2)
We notice that the contribution of the L ≥ 1 mode vanishes since ∫ d2Kˆ1PL≥1(kˆ1 · Kˆ1) = 0.
We therefore obtain
〈
aT`1m1a
µ
`2m2
〉
= CTµ`1 (−1)m1δ`1,`2δm1,−m2 with
CTµ` ' CTµ,c0` = 18pic0A2S ln
(
ki
kf
)∫ ∞
0
dk
k
T`(k)j`(kxls)e−k2/k2rec . (A.3)
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In the same manner, one can verify that µµ from the L ≥ 1 mode of Eq. (1.1) is highly
suppressed. The angular power spectrum reads
〈
aµ`1m1a
µ
`2m2
〉
= Cµµ`1 (−1)m1δ`1,`2δm1,−m2
with
Cµµ` ' Cµµ,d0` = 243pid0A3S
[
ln
(
ki
kf
)]2 1
`(`+ 1)
. (A.4)
The expected errors on c0 and d0, described in the bottom panel of Fig. 5, are computed,
respectively, as ∆cTµ0 = 1/
√
F Tµ and ∆dµµ0 = 1/
√
Fµµ with
F Tµ =
`max∑
`=2
(2`+ 1)
(
CTµ,c0=1`
)2
CTT` C
µµ
`
, (A.5)
Fµµ =
`max∑
`=2
2`+ 1
2
(
Cµµ,d0=1`
Cµµ`
)2
. (A.6)
These indicate ∆cTµ0 ∝
√
Nµ and ∆d
µµ
0 ∝ Nµ for large Nµ, agreeing with numerical results
in the bottom panel of Fig. 5. This difference realizes the outperformance of µµ for small Nµ.
Considering the consistency relations in the f(φ)F 2 model (3.2) and (3.3) and the SW
approximation for Tµ, we obtain
CTµ`,SW ' −5.9× 10−16
|g∗|
0.01
N
60
1
`(`+ 1)
, (A.7)
Cµµ` ' 8.4× 10−20
|g∗|
0.01
(
N
60
)2 1
`(`+ 1)
. (A.8)
These and CTT`,SW ' 6.0× 10−10/[`(`+ 1)] result in(
CTµ`,SW
)2
CTT`,SWC
µµ
`
' 6.9× 10−3 |g∗|
0.01
, (A.9)
indicating that CTµ` can be ignored in the Fisher matrix for g∗ in the f(φ)F
2 model (because
of the observational constraints |g∗| . 0.01 [74–76]).
B Constant model
We here derive TTµ sourced from the constant curvature trispectrum:〈
4∏
n=1
ζkn
〉
= (2pi)3δ(3)
(
4∑
n=1
kn
)
[P (k1)P (k2)P (k3)P (k4)]
3/4 , (B.1)
used as a normalization in Fig. 1. The normalization by the constant model template has
been originally employed to draw the CMB bispectra [77, 78] and trispectra [79].
This trispectrum is independent of wavenumbers of the sum of two wavevectors, such as
|k1 + k2|, and hence has a similar structure to the gNL-type trispectrum. By the application
of the approach for the gNL case [34], we can obtain a form reasonable for `3 ≤ krecxls ∼ 2000:
bTTµ,const`1`2`3 '
∫ ∞
0
r2drηT`1(r)η
T
`2(r)
∑
L1L2
h2L1L2`3
2`3 + 1
[
ηµL1(r, zi)η
µ
L2
(r, zi)− ηµL1(r, zf )η
µ
L2
(r, zf )
]
,
(B.2)
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where
ηT` (r) ≡
2
pi
∫ ∞
0
k2dkP 3/4(k)T`(k)j`(kr) , (B.3)
ηµL(r, z) ≡
3
pi
∫ ∞
0
k2dkP 3/4(k)jL(kxls)jL(kr)e
−k2/k2D(z) . (B.4)
Both ηT` (r) and η
µ
L(r, z) have peaks at r ∼ xls. Owing to a fact that ηµL(xls, z) depends
weakly on kD(z) for L . kD(z)xls and decays rapidly for L & kD(z)xls (like βµL(xls, z) in [34]),
and the triangular inequality of hL1L2`3 , we are allowed to evaluate with
∑
L1L2
h2L1L2`3 '
(2`3+1)
∑Li
L1,L2=Lf
(2L1/pi
2)δL1,L2 , where Lf ≡ kfxls ∼ 105 and Li ≡ kixls ∼ 108, and finally
reach
bTTµ,const`1`2`3 '
∫ ∞
0
r2drηT`1(r)η
T
`2(r)
Li∑
L1=Lf
2L1
pi2
[
ηµL1(r, zi)
]2
. (B.5)
Since `1, `2  Lf < L1 < Li, ηµL1(r, zi) is sharply peaked at r ∼ xls, compared with ηT`1(r)
and ηT`2(r). Owing to this, the interval of the r integral is practically limited to a very narrow
window by ηµL1(r, zi), and η
T
`1
(r) and ηT`2(r) remain almost unchanged there. This enables us
to move ηT`1(r) and η
T
`2
(r) outside the r integral with the evaluation at r = xls as
bTTµ,const`1`2`3 ' ηT`1(xls)ηT`2(xls)
∫ ∞
0
r2dr
Li∑
L1=Lf
2L1
pi2
[
ηµL1(r, zi)
]2
. (B.6)
The r integral and the L1 summation now give just a dimensional number, so ηT`1(xls)
and ηT`2(xls) are responsible for the ` dependence. With the SW approximation, we find
bTTµ,const`1`2`3,SW ∝ `
−5/4
1 `
−5/4
2 , (B.7)
rescaling bTTµ,d0`1`2`3 , b
TTµ,d2
`1`2`3
and bTTµ,gNL`1`2`3 in Fig. 1.
References
[1] V. Acquaviva, N. Bartolo, S. Matarrese and A. Riotto, Second order cosmological perturbations
from inflation, Nucl. Phys. B667 (2003) 119–148, [astro-ph/0209156].
[2] J. M. Maldacena, Non-Gaussian features of primordial fluctuations in single field inflationary
models, JHEP 05 (2003) 013, [astro-ph/0210603].
[3] N. Bartolo, E. Komatsu, S. Matarrese and A. Riotto, Non-Gaussianity from inflation: Theory
and observations, Phys. Rept. 402 (2004) 103–266, [astro-ph/0406398].
[4] E. Komatsu, Hunting for Primordial Non-Gaussianity in the Cosmic Microwave Background,
Class. Quant. Grav. 27 (2010) 124010, [1003.6097].
[5] X. Chen, Primordial Non-Gaussianities from Inflation Models, Adv. Astron. 2010 (2010)
638979, [1002.1416].
[6] Planck collaboration, P. Ade et al., Planck 2013 Results. XXIV. Constraints on primordial
non-Gaussianity, Astron.Astrophys. 571 (2014) A24, [1303.5084].
[7] Planck collaboration, P. A. R. Ade et al., Planck 2015 results. XVII. Constraints on
primordial non-Gaussianity, 1502.01592.
– 16 –
[8] WMAP collaboration, E. Komatsu et al., Five-Year Wilkinson Microwave Anisotropy Probe
(WMAP) Observations: Cosmological Interpretation, Astrophys. J. Suppl. 180 (2009) 330–376,
[0803.0547].
[9] WMAP collaboration, E. Komatsu et al., Seven-Year Wilkinson Microwave Anisotropy Probe
(WMAP) Observations: Cosmological Interpretation, Astrophys. J. Suppl. 192 (2011) 18,
[1001.4538].
[10] WMAP collaboration, C. L. Bennett et al., Nine-Year Wilkinson Microwave Anisotropy Probe
(WMAP) Observations: Final Maps and Results, Astrophys. J. Suppl. 208 (2013) 20,
[1212.5225].
[11] C. Feng, A. Cooray, J. Smidt, J. O’Bryan, B. Keating and D. Regan, Planck Trispectrum
Constraints on Primordial Non-Gaussianity at Cubic Order, Phys. Rev. D92 (2015) 043509,
[1502.00585].
[12] T. Giannantonio, C. Porciani, J. Carron, A. Amara and A. Pillepich, Constraining primordial
non-Gaussianity with future galaxy surveys, Mon. Not. Roy. Astron. Soc. 422 (2012)
2854–2877, [1109.0958].
[13] R. Maartens, G.-B. Zhao, D. Bacon, K. Koyama and A. Raccanelli, Relativistic corrections and
non-Gaussianity in radio continuum surveys, JCAP 1302 (2013) 044, [1206.0732].
[14] J. Byun and R. Bean, Non-Gaussian Shape Discrimination with Spectroscopic Galaxy Surveys,
JCAP 1503 (2015) 019, [1409.5440].
[15] A. Raccanelli, M. Shiraishi, N. Bartolo, D. Bertacca, M. Liguori, S. Matarrese et al., Future
Constraints on Angle-Dependent Non-Gaussianity from Large Radio Surveys, 1507.05903.
[16] A. R. Cooray and W. Hu, Imprint of reionization on the cosmic microwave background
bispectrum, Astrophys. J. 534 (2000) 533–550, [astro-ph/9910397].
[17] A. Cooray, Large-scale non-Gaussianities in the 21 cm background anisotropies from the era of
reionization, Mon. Not. Roy. Astron. Soc. 363 (2005) 1049, [astro-ph/0411430].
[18] A. Cooray, C. Li and A. Melchiorri, The trispectrum of 21-cm background anisotropies as a
probe of primordial non-Gaussianity, Phys. Rev. D77 (2008) 103506, [0801.3463].
[19] A. Pillepich, C. Porciani and S. Matarrese, The bispectrum of redshifted 21-cm fluctuations
from the dark ages, Astrophys. J. 662 (2007) 1–14, [astro-ph/0611126].
[20] J. B. MuÃśoz, Y. Ali-HaÃŕmoud and M. Kamionkowski, Primordial non-gaussianity from the
bispectrum of 21-cm fluctuations in the dark ages, Phys. Rev. D92 (2015) 083508,
[1506.04152].
[21] H. Shimabukuro, S. Yoshiura, K. Takahashi, S. Yokoyama and K. Ichiki, 21 cm line bispectrum
as a method to probe cosmic dawn and epoch of reionization, Mon. Not. Roy. Astron. Soc. 458
(2016) 3003–3011, [1507.01335].
[22] E. Pajer and M. Zaldarriaga, A New Window on Primordial non-Gaussianity, Phys.Rev.Lett.
109 (2012) 021302, [1201.5375].
[23] J. Ganc and E. Komatsu, Scale-dependent bias of galaxies and mu-type distortion of the cosmic
microwave background spectrum from single-field inflation with a modified initial state,
Phys.Rev. D86 (2012) 023518, [1204.4241].
[24] M. Biagetti, H. Perrier, A. Riotto and V. Desjacques, Testing the running of non-Gaussianity
through the CMB µ-distortion and the halo bias, Phys.Rev. D87 (2013) 063521, [1301.2771].
[25] K. Miyamoto, T. Sekiguchi, H. Tashiro and S. Yokoyama, CMB distortion anisotropies due to
the decay of primordial magnetic fields, Phys.Rev. D89 (2014) 063508, [1310.3886].
– 17 –
[26] K. E. Kunze and E. Komatsu, Constraining primordial magnetic fields with distortions of the
black-body spectrum of the cosmic microwave background: pre- and post-decoupling
contributions, JCAP 1401 (2014) 009, [1309.7994].
[27] J. Ganc and M. S. Sloth, Probing correlations of early magnetic fields using mu-distortion,
JCAP 1408 (2014) 018, [1404.5957].
[28] A. Ota, T. Sekiguchi, Y. Tada and S. Yokoyama, Anisotropic CMB distortions from
non-Gaussian isocurvature perturbations, JCAP 1503 (2015) 013, [1412.4517].
[29] R. Emami, E. Dimastrogiovanni, J. Chluba and M. Kamionkowski, Probing the scale
dependence of non-Gaussianity with spectral distortions of the cosmic microwave background,
Phys. Rev. D91 (2015) 123531, [1504.00675].
[30] M. Shiraishi, M. Liguori, N. Bartolo and S. Matarrese, Measuring primordial anisotropic
correlators with CMB spectral distortions, Phys. Rev. D92 (2015) 083502, [1506.06670].
[31] E. Dimastrogiovanni and R. Emami, Correlating CMB Spectral Distortions with Temperature:
what do we learn on Inflation?, 1606.04286.
[32] A. Ota, Cosmological constraints from µE cross-correlations, 1607.00212.
[33] R. Khatri and R. Sunyaev, Constraints on µ-distortion fluctuations and primordial
non-Gaussianity from Planck data, JCAP 1509 (2015) 026, [1507.05615].
[34] N. Bartolo, M. Liguori and M. Shiraishi, Primordial trispectra and CMB spectral distortions,
JCAP 1603 (2016) 029, [1511.01474].
[35] M. Shiraishi, E. Komatsu and M. Peloso, Signatures of anisotropic sources in the trispectrum of
the cosmic microwave background, JCAP 1404 (2014) 027, [1312.5221].
[36] E. Dimastrogiovanni, N. Bartolo, S. Matarrese and A. Riotto, Non-Gaussianity and Statistical
Anisotropy from Vector Field Populated Inflationary Models, Adv.Astron. 2010 (2010) 752670,
[1001.4049].
[37] J. Soda, Statistical Anisotropy from Anisotropic Inflation, Class. Quant. Grav. 29 (2012)
083001, [1201.6434].
[38] A. Maleknejad, M. Sheikh-Jabbari and J. Soda, Gauge Fields and Inflation, Phys.Rept. 528
(2013) 161–261, [1212.2921].
[39] N. Bartolo, S. Matarrese, M. Peloso and A. Ricciardone, Anisotropic power spectrum and
bispectrum in the f(φ)F 2 mechanism, Phys.Rev. D87 (2013) 023504, [1210.3257].
[40] A. Naruko, E. Komatsu and M. Yamaguchi, Anisotropic inflation reexamined: upper bound on
broken rotational invariance during inflation, JCAP 1504 (2015) 045, [1411.5489].
[41] N. Bartolo, S. Matarrese, M. Peloso and M. Shiraishi, Parity-violating and anisotropic
correlations in pseudoscalar inflation, JCAP 1501 (2015) 027, [1411.2521].
[42] N. Bartolo, S. Matarrese, M. Peloso and M. Shiraishi, Parity-violating CMB correlators with
non-decaying statistical anisotropy, JCAP 1507 (2015) 039, [1505.02193].
[43] M. Shiraishi, E. Komatsu, M. Peloso and N. Barnaby, Signatures of anisotropic sources in the
squeezed-limit bispectrum of the cosmic microwave background, JCAP 1305 (2013) 002,
[1302.3056].
[44] A. A. Abolhasani, R. Emami, J. T. Firouzjaee and H. Firouzjahi, δN formalism in anisotropic
inflation and large anisotropic bispectrum and trispectrum, JCAP 1308 (2013) 016,
[1302.6986].
[45] Y. Rodriguez, J. P. Beltran Almeida and C. A. Valenzuela-Toledo, The different varieties of the
Suyama-Yamaguchi consistency relation and its violation as a signal of statistical
inhomogeneity, JCAP 1304 (2013) 039, [1301.5843].
– 18 –
[46] S. Endlich, A. Nicolis and J. Wang, Solid Inflation, JCAP 1310 (2013) 011, [1210.0569].
[47] N. Bartolo, S. Matarrese, M. Peloso and A. Ricciardone, Anisotropy in solid inflation, JCAP
1308 (2013) 022, [1306.4160].
[48] S. Endlich, B. Horn, A. Nicolis and J. Wang, Squeezed limit of the solid inflation three-point
function, Phys.Rev. D90 (2014) 063506, [1307.8114].
[49] N. Bartolo, M. Peloso, A. Ricciardone and C. Unal, The expected anisotropy in solid inflation,
JCAP 1411 (2014) 009, [1407.8053].
[50] M. Shiraishi, D. Nitta, S. Yokoyama and K. Ichiki, Optimal limits on primordial magnetic fields
from CMB temperature bispectrum of passive modes, JCAP 1203 (2012) 041, [1201.0376].
[51] M. Shiraishi, Parity violation of primordial magnetic fields in the CMB bispectrum, JCAP
1206 (2012) 015, [1202.2847].
[52] A. Ashoorioon, R. Casadio and T. Koivisto, Anisotropic non-Gaussianity from Rotational
Symmetry Breaking Excited Initial States, 1605.04758.
[53] R. A. Sunyaev and Ya. B. Zeldovich, The Interaction of matter and radiation in the hot model
of the universe, Astrophys. Space Sci. 7 (1970) 20–30.
[54] A. F. Illarionov and R. A. Siuniaev, Comptonization, characteristic radiation spectra, and
thermal balance of low-density plasma, Soviet Ast. 18 (Feb., 1975) 413–419.
[55] L. Danese and G. de Zotti, Double Compton process and the spectrum of the microwave
background, A&A 107 (Mar., 1982) 39–42.
[56] C. Burigana, L. Danese and G. de Zotti, Formation and evolution of early distortions of the
microwave background spectrum - A numerical study, A&A 246 (June, 1991) 49–58.
[57] W. Hu, D. Scott and J. Silk, Power spectrum constraints from spectral distortions in the cosmic
microwave background, Astrophys.J. 430 (1994) L5–L8, [astro-ph/9402045].
[58] J. Chluba and R. Sunyaev, The evolution of CMB spectral distortions in the early Universe,
Mon.Not.Roy.Astron.Soc. 419 (2012) 1294–1314, [1109.6552].
[59] R. Khatri, R. A. Sunyaev and J. Chluba, Does Bose-Einstein condensation of CMB photons
cancel µ distortions created by dissipation of sound waves in the early Universe?,
Astron.Astrophys. 540 (2012) A124, [1110.0475].
[60] J. Chluba, R. Khatri and R. A. Sunyaev, CMB at 2x2 order: The dissipation of primordial
acoustic waves and the observable part of the associated energy release,
Mon.Not.Roy.Astron.Soc. 425 (2012) 1129–1169, [1202.0057].
[61] R. Khatri and R. A. Sunyaev, Creation of the CMB spectrum: precise analytic solutions for the
blackbody photosphere, JCAP 1206 (2012) 038, [1203.2601].
[62] R. Khatri and R. A. Sunyaev, Beyond y and µ: the shape of the CMB spectral distortions in
the intermediate epoch, 1.5× 104 < z < 2× 105, JCAP 1209 (2012) 016, [1207.6654].
[63] J. Silk, Cosmic Black-Body Radiation and Galaxy Formation, ApJ 151 (Feb., 1968) 459.
[64] P. J. E. Peebles and J. T. Yu, Primeval Adiabatic Perturbation in an Expanding Universe, ApJ
162 (Dec., 1970) 815.
[65] N. Kaiser, Small-angle anisotropy of the microwave background radiation in the adiabatic
theory, MNRAS 202 (Mar., 1983) 1169–1180.
[66] S. Weinberg, Cosmology. Oxford University Press, 2008.
[67] M. Zaldarriaga and U. Seljak, An all sky analysis of polarization in the microwave background,
Phys. Rev. D55 (1997) 1830–1840, [astro-ph/9609170].
– 19 –
[68] M. Shiraishi, S. Yokoyama, K. Ichiki and K. Takahashi, Analytic formulae of the CMB
bispectra generated from non-Gaussianity in the tensor and vector perturbations, Phys. Rev.
D82 (2010) 103505, [1003.2096].
[69] M. Shiraishi, D. Nitta, S. Yokoyama, K. Ichiki and K. Takahashi, CMB Bispectrum from
Primordial Scalar, Vector and Tensor non-Gaussianities, Prog. Theor. Phys. 125 (2011)
795–813, [1012.1079].
[70] Planck collaboration, J. Tauber et al., The Scientific programme of Planck,
astro-ph/0604069.
[71] A. Kogut, D. Fixsen, D. Chuss, J. Dotson, E. Dwek et al., The Primordial Inflation Explorer
(PIXIE): A Nulling Polarimeter for Cosmic Microwave Background Observations, JCAP 1107
(2011) 025, [1105.2044].
[72] CMBPol Study Team collaboration, D. Baumann et al., CMBPol Mission Concept Study:
Probing Inflation with CMB Polarization, AIP Conf.Proc. 1141 (2009) 10–120, [0811.3919].
[73] L. Ackerman, S. M. Carroll and M. B. Wise, Imprints of a Primordial Preferred Direction on
the Microwave Background, Phys.Rev. D75 (2007) 083502, [astro-ph/0701357].
[74] J. Kim and E. Komatsu, Limits on anisotropic inflation from the Planck data, Phys. Rev. D88
(2013) 101301, [1310.1605].
[75] Planck collaboration, P. Ade et al., Planck 2015 results. XVI. Isotropy and statistics of the
CMB, 1506.07135.
[76] Planck collaboration, P. A. R. Ade et al., Planck 2015 results. XX. Constraints on inflation,
1502.02114.
[77] J. R. Fergusson, M. Liguori and E. P. S. Shellard, General CMB and Primordial Bispectrum
Estimation I: Mode Expansion, Map-Making and Measures of FNL, Phys. Rev. D82 (2010)
023502, [0912.5516].
[78] J. R. Fergusson, M. Liguori and E. P. S. Shellard, The CMB Bispectrum, JCAP 1212 (2012)
032, [1006.1642].
[79] D. M. Regan, E. P. S. Shellard and J. R. Fergusson, General CMB and Primordial Trispectrum
Estimation, Phys. Rev. D82 (2010) 023520, [1004.2915].
– 20 –
